HOPF ALGEBRA DEFORMATIONS OF BINARY 
POLYHEDRAL GROUPS 



JULIEN BICHON AND SONIA NATALE 

Abstract. We show that semisimple Hopf algebras having a self-dual 
faithful irreducible comodule of dimension 2 are always obtained as 
abelian extensions with quotient Z2. We prove that nontrivial Hopf 
algebras arising in this way can be regarded as deformations of binary 
polyhedral groups and describe its category of representations. We also 
prove a strengthening of a result of Nichols and Richmond on cosemisim- 
ple Hopf algebras with a 2-dimensional irreducible comodule in the finite 
dimensional context. Finally, we give some applications to the classifi- 
cation of certain classes of semisimple Hopf algebras. 



1. Introduction and main results 

Throughout the paper we work over k, an algebraically closed field of char- 
acteristic zero. This paper is a contribution to the study of low dimensional 
semisimple Hopf algebras, namely those that admit a faithful comodule of 
dimension 2. Our starting point is a theorem by Nichols and Richmond [38], 
that we recall first. 

Let if be a cosemisimple Hopf algebra over k and let C C H be a simple 
subcoalgebra of dimension 4 (this is equivalent to say that H has an irre- 
ducible comodule of dimension 2). The main result of the paper [38] says 
that, in this case, at least one of the following possibilities holds: 

(1) H has a group-like element g of order 2 such that gC = C; 

(2) H has a Hopf subalgebra of dimension 24, which contains a group- 
like element g of order 2 such that gC 7^ C; 

(3) H has a Hopf subalgebra of dimension 12 or 60; 

(4) H has a family {C n : n > 1} of simple subcoalgebras such that 
dimC n = n 2 , and for all n > 2, 

C n S(C 2 ) = C n _i + C n+ i, n even, C n C 2 = C n _i + G n+ \, n odd. 

See [38, Theorem 11]. Note that if H is finite dimensional only the possi- 
bilities (l)-(3) can arise, and then dim if is even (in particular this gives a 
partial positive answer to one of Kaplansky's long-standing conjectures). 
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In this paper we obtain a more precise description of this result, in case H 
is finite dimensional. We prove in Subsection 3.3 the following theorem that 
strengthens the Nichols-Richmond Theorem above in the finite dimensional 
context, and connects this class of Hopf algebras with polyhedral groups. 

Theorem 1.1. Let H be a cosemisimple finite dimensional Hopf algebra. 
Suppose H contains a simple subcoalgebra C of dimension 4. Then the 
subalgebra B = k[CS(C)\ is a commutative Hopf subalgebra of H isomorphic 
to k r , where T is a non cyclic finite subgroup o/PSL2(/c) of even order. 

Furthermore, let x & C be the irreducible character contained in C, and 
let G[x] Q G{H) be the stabilizer of % with respect to left multiplication. 
Then \G\x\\ divides 4, and the following hold: 

(i) If\G[ X }\ = 4, then B ~ k z ^ . 

(ii) If \G[x}\ = 2, then B ~ k D " , where n > 3. 
(hi) // \G[x} \ = 1, then B ~ k K \ k § \ or k A " . 

Observe that, in addition, the category of .B-comodules is contained in the 
adjoint subcategory of the fusion category H — comod of finite dimensional 
^/-comodules. 

In special situations, the above theorem may be refined as follows. Indeed, 
assume that the irreducible 2-dimensional comodule V corresponding to C 
satisfies V* V ~ V V* . Then the Hopf subalgebra H' of H generated 
by C fits into a cocentral exact sequence 

k ^ k ^ H ^ k^j^yi ^ k 

for a polyedral group V of even order and m > 1. See Theorem 3.5. 

Moreover when V is self-dual, the Hopf algebra H' = k[C] generated by 
C can be completely described. See Theorem 1.2 below. 

Compact quantum subgroups of SU_i(2), or in other words, quotient 
Hopf *-algebras 0_i[SU2(C)] —> H, were determined in [43]. In this paper 
we give an algebraic version of this result. We obtain a description, using 
Hopf algebra exact sequences, of quotient Hopf algebras O-ifSL^A:)] — > H 
in the finite dimensional case. See Theorem 5.19. Our approach gives a 
more precise description of such quotients, and also implies a description of 
their tensor categories of representations in terms of Z2-equivariantizations 
of certain pointed fusion categories. See Corollary 5.12. 

It turns out that every such Hopf algebra H can be regarded as a de- 
formation of an appropriate binary polyhedral group. We remark that such 
groups admit no nontrivial cocycle deformation in the sense of [33, 10], since 
every Sylow subgroup is either generalized quaternion or cyclic. 

We combine this result with the classification of Hopf algebras associated 
to non-degenerate bilinear forms in the 2x2 case [7, 12], to prove the 
following theorem. 
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Theorem 1.2. Let H be a semisimple Hopf algebra over k. Assume H has 
a self-dual faithful irreducible comodule V of dimension 2. Let v{V) = ±1 
denote the Frobenius-Schur indicator ofV. 
Then we have: 

(i) Suppose v{V) = — 1. Then H is commutative. Moreover, H ~ k T , 
where T is a non-abelian binary polyhedral group. 

(ii) Suppose v(V) = 1. Then either H is commutative and isomorphic 
to k Dn , n > 3, or H is isomorphic to one of the nontrivial Hopf 
algebra deformations A\T] or B[T] of the binary polyhedral group T, 
as in Subsection 5.4- 

Let C C H be the simple subcoalgebra containing V. Note that the 
assumptions on V in Theorem 1.2 amount to the assumption that dim C = 4, 
S{C) = C and C generates H as an algebra. 

Theorem 1.2 is proved in Subsection 5.4. We point out that only one 
nontrivial deformation, B[I], can occur in the case of the binary icosahedral 
group /. The algebra and coalgebra structures of the Hopf algebras A[T], 
B[T], are described in Remark 5.22. Their fusion rules are the same as the 
ones of r, see Remark 5.23. 

In particular, if H is one of the Hopf algebras in (ii), then dimH = \T\ 
can be either 24, 48, 120 or 4n, n > 2. It turns out that, when k = C is the 
field of complex numbers, such Hopf algebras admit a Kac algebra structure. 

Furthermore, let Vec r be the fusion category of T-graded vector spaces, 
where T ~ T/Z(T) is the corresponding polyhedral group. Then we have an 
equivalence of fusion categories RepH ~ (Vec r ) Z2 , where the last category 
is the equivariantization of the category Vec r with respect to an appropriate 
action of Z2. 

The Hopf algebras A[D n ], B[D 

n]i n — 3, were constructed and studied 
by Masuoka in [31]. By the results in loc. cit., A[D n ] is the only nontrivial 
cocycle deformation of the commutative Hopf algebra k D ' 2n . On the other 
hand, the Hopf algebra B[D n ] is self-dual and it has no nontrivial cocycle 
deformations. 

In the case when n = 2, «4[-D2] — B[D2\, and they are both isomorphic to 
the 8-dimensional Kac-Paljutkin Hopf algebra H%. 

We give some applications of the main results to the classification of a 
special class of semisimple Hopf algebras. We consider a semisimple Hopf 
algebra H such that degx < 2, for all irreducible character % G i?. 

We show in Theorem 6.4 that such a Hopf algebra H is not simple. More- 
over, we prove the existence of certain exact sequences for H, which imply 
that either H or H* contains a nontrivial central group-like element and, in 
addition, that H is lower semisolvable. See Corollary 6.6. 

An application to semisimple Hopf algebras of dimension 60 is also given 
in Subsection 6.2. We show that for two known examples of simple Hopf 
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algebras of this dimension, the Hopf algebras are determined by its coalgebra 
types. 

The paper is organized as follows: in Section 2 we recall some facts on 
Hopf algebra extensions and their relations with the categories of represen- 
tations. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 
we recall the definition and basic properties of the Hopf algebra of a non- 
degenerate bilinear form and its relation with the classification problem we 
consider. We study in this section a canonical ^-grading in the category 
of finite dimensional comodules. In Section 5 we discuss the 2x2 case and 
further facts related to the Hopf algebra 0_i[SL2(fc)] and the classification 
of its finite dimensional quotients. Section 6 contains some applications to 
the classification of certain classes of semisimple Hopf algebras. We include 
at the end an Appendix with some facts concerning a special kind of Opext 
groups that include those related to the Hopf algebras A[T], B[T]. 

Acknowledgement. The research of S. Natale was done during a stay at 
the Mathematisches Institut der Universitat Miinchen, as an Alexander von 
Humboldt Fellow. She thanks Prof. Hans-Jiirgen Schneider for the kind 
hospitality. 

2. Preliminaries 

2.1. Hopf algebra exact sequences. Recall that a sequence of Hopf al- 
gebra maps 

(2.1) k -> K -i> H -> k, 

is called exact if the following conditions hold: 

(1) i is injective and p is surjective, 

(2) poi = el, 

(3) kevp = HK + , 

(4) K = H cop = {h€H: (id ®p)A(h) = h®l}. 

Assume we have a sequence (2.1). If H is faithfully flat over K (in particular 
if H is finite dimensional), then (1), (2) and (3) imply (4). On the other 
hand, if H is faithfully coflat over H, then (1), (2) and (4) imply (3). See 
e.g. [1]. 

We shall say that the Hopf algebra map p : H — ► H is cocentral if p(h±) ® 
h>2 = v{h>2) <8> hi, for all h € H. 

Lemma 2.1. Let H be a Hopf algebra. Let also G be a finite group and let 
p : H — > kG be a surjective Hopf algebra map. Suppose p is cocentral. Then 
there is an exact sequence of Hopf algebras k — > K — > H — > kG — > k, where 
K = H cop . 

Proof. Let / = kerp. Then / is a coideal of H of finite codimension. Since 
p is cocentral by assumption, then / is left and right conormal. Also, K = 
H cop = cop H is a Hopf subalgebra of H, and thus we have a sequence of 
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Hopf algebra maps (2.1), that satisfies (1), (2) and (4). By [45, 2.1], H is 
left and right faithfully coflat over H/I ~ kG. Hence the sequence is exact, 
as claimed. □ 

A Hopf subalgebra K of H is called normal if it is stable under both left 
and right adjoint actions of H on itself, defined, respectively, by 

&di(h)(x) = h\xS{h2), &d r (h)(x) = S(hi)xh,2, 

for all h,x £ H. If K C H is a normal Hopf subalgebra, then the ideal 
HK + is a Hopf ideal and the canonical map H — > H := H/HK + is a Hopf 
algebra map. Hence, if H is faithfully flat over K, there is an exact sequence 

(2.1) where all maps are canonical. A Hopf algebra is said to be simple if it 
has no proper normal Hopf subalgebra. 

Suppose, from now on, that H is finite dimensional. Then the exact 
sequence above is cleft and H is isomorphic to a bicrossed product H ~ 
K#^H, for appropriate compatible data. 

The exact sequence (2.1) is called abelian if K is commutative and H is 
cocommutative. In this case K ~ k N and H ~ kF, for some finite groups 
A and F; in particular, H is semisimple. 

As explained in [29, Section 4] such an extension is determined by a 
matched pair (F, A) with respect to compatible actions [>: A x F — > F and 
<: A x F -> N, and 2-cocycles a : kF (g> kF -> (A; JV ) X and t : kN ® kN ^ 
(k F ) x , subject to appropriate compatibility conditions. For a fixed matched 
pair (F, A), the isomorphism classes of extensions k —> k N —> H —> kF — ► fc, 
or equivalently, the equivalence classes of pairs (a, r), form an abelian group 
that we shall denote Opext(A; 7V , kF). 

Since they will appear later on in this paper, we recall here the explicit for- 
mulas for the multiplication, comultiplication and antipode in the bicrossed 
product k Nr ^ a kF representing the class of (a, r) in Opext(/c Ar , kF): 

(2.2) ( es #x)(e t #y) = <W,j <j s (x, y) e s #xy, 

(2.3) A(e s #x) = r x {g, h) e g #(h > x) ® e h #x, 

gh=s 

(2-4) 

S{e g #x) = a {g<x) -i((g > x) 1 ,g\>x) 1 T x (g \g) 1 e {g<x) -i#(g > x) 1 , 

for all s,t £ N, x,y £ F, where a s (x, y) = a(x, y)(s) and t x (s, t) = r(s, t)(x). 

Remark 2.2. Suppose that the action t>: A x F — > F is trivial. Then it 
follows from formula (2.3) that the subspaces R x := k N #x are subcoalgebras 
of H = k Nr # a kF and we have a decomposition of coalgebras H = ® x &fRx- 
Moreover, in this case, t x : A x A — > /c x is a 2-cocycle on A and, 
as coalgebras, k N #x ~ (k Tx N)*, where k Tx N denotes the twisted group 
algebra. 
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2.2. Type of a cosemisimple Hopf algebra. For a Hopf algebra H we 
shall denote by i^-comod the tensor category of its finite dimensional (right) 
comodules. 

Let H be a finite dimensional cosemisimple Hopf algebra over k. As a 
coalgebra, H is isomorphic to a direct sum of full matrix coalgebras 

(2.5) ff^("'e0M 4 (i)W, 

di>l 

where n= \G(H)\. 

If we have an isomorphism as in (2.5), we shall say that H is of type 
(1, n; di, ni; . . . ; d r , n r ) as a coalgebra. If H*, which is also cosemisimple, 
is of type (1, n; di, n\; . . . ) as a coalgebra, we shall say that H is of type 
(1, n; d\, ni; . . . ) as an algebra. 

So that H is of type (1, n; d±, n±; . . . ; d r ,n r ) as a (co-)algebra if and only 
if H has n non-isomorphic one-dimensional (co-)representations, n\ non- 
isomorphic irreducible (co-)representations of dimension d±, etc. 

By an irreducible character \ £ H, we shall mean the character \ = XV 
of an irreducible corepresentation V of ff. Hence, \v is a cocommutative 
element of H, such that f{\) = Try(/), for all f <E H*, regarding V as 
an irreducible representation of H*. The dimension of V will be called the 
degree of x, denoted degx- 

Every irreducible character x ^ H is contained in a unique simple sub- 
coalgebra. If this subcoalgebra is isomorphic to Md-(k), then di = deg%. 

Suppose H is of type (1, n; d±, n±; . . . ; d r , n r ) as a coalgebra. It follows 
from the Nichols-Zoeller Theorem [39], that n divides both dimH and nid?, 
for all i. Moreover, if di = 2 for some i, then the dimension of H is even 
[38]. Also, by [54], if n = 1, then {di : di > 1} has at least three elements. 

2.3. The adjoint subcategory. Let C be a /c-linear abelian semisimple 
tensor category over k. Recall from [14, 8.5.] that the adjoint subcategory 
C a d is the full subcategory generated by the simple components of V <8> V* , 
where V runs over the set of (isomorphism classes of) simple objects of C. 

Suppose C = RepH is the fusion category of finite dimensional repre- 
sentations of H, where H is a semisimple (hence finite dimensional) Hopf 
algebra over k. 

In this case there exists a unique maximal central Hopf subalgebra K of 
H, such that C a d = Repi? a d, where = H/HK + is the corresponding 
quotient Hopf algebra. Moreover, one has K = k u(c \ where U(C) is the 
universal grading group of C. See [18, Theorem 3.8]. In particular, there is 
a central extension of Hopf algebras 

k -► k u ^ —> H —> H ad — > fc. 

There is also a dual construction associated to the category H — comod, 
for H cosemisimple. Indeed, the Hopf subalgebra i? coa d of H determined by 
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H co &d — comod = (H — comod) a d gives a universal cocentral exact sequence 

(2.6) k -► H coad ^H^ kU(C) fc 

where C = H — comod. 

Note that the notion of simplicity of a finite dimensional Hopf algebra is 
self-dual. As a consequence of the above, we get the following lemma: 

Lemma 2.3. Suppose H is simple and not commutative. Then = H = 

In other words, if H is simple, then H is generated as algebra by the 
simple subcoalgebras appearing in the decomposition of CS(C), where C 
runs over the simple subcoalgebras of H. 

Lemma 2.4. Suppose H contains a faithful irreducible character x- Assume 
in addition that XX* = X*X- Then H co&a \ = k[CS(C)\, where C C H is the 
simple subcoalgebra containing %. 

Proof. We have k[CS(C)] C H coao \. The faithfulness assumption on x 
means that H = k[C] and for every irreducible character A of H, using 
the assumption XX* = X*Xi there exist nonnegative integers m and p such 
that A appears with positive multiplicity in x m (x*) p - Hence A* appears 
with positive multiplicity in x p (x*) m (since H is cosemisimple, we have 
X** = x)- Thus AA* appears with positive multiplicity in x m+p (x*) m+p - 
Then AA* G k[CS(C)}. Since this holds for any irreducible character A, we 
get i^coad Q k[CS(C)] and the lemma follows. □ 

3. ON A THEOREM OF NICHOLS AND RICHMOND 

In this section we aim to give a proof of our most general result on finite 
dimensional cosemisimple Hopf algebras with a simple comodule of dimen- 
sion 2, strengthening, in this context, the Nichols- Richmond Theorem [38]. 
The proof is based on the algebraic generalization of some well known results 
in the theory of compact quantum groups [2, 3]. 

3.1. Comodule algebras of dimension 4. Let V be a finite dimensional 
i?-comodule. Then End V ~ V <8> V* is an iZ-comodule algebra with the 
diagonal coaction of H and multiplication given by composition. 

Remark 3.1. Under the canonical (-ff-colinear) isomorphism V V* ~ 
End V, the trace map Tr : End V — > k becomes identified with the eval- 
uation map V ®V* — > k, v (8> / — ► f(v). If H is involutory, that is, if 
S 2 = id, then Tr : End V —>■ k is an i7-comodule map. 

Suppose H is cosemisimple and S 2 = id. Let V % k be a simple (hence 
finite dimensional) ii-comodule, and decompose V (8> V* = k © W, where 
W C V is an ff-subcomodule. Then we have W = kerTr. 

Indeed, the restriction Tr \ w is an //-comodule map. Therefore Tr \\y = 0, 
since Hom H (W, k) = 0, V ¥ k being simple. 
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The following result is related to the computation of the compact quantum 
symmetry group of the 2x2 complex matrix algebra given in [3]. 

Proposition 3.2. Let H be a Hopf algebra and let A be an H-comodule 
algebra such that A ~ M2(k). Assume that the trace map Tr : A — > k is an 
H-comodule map. Then the subalgebra fc[CU] generated by the subcoalgebra 
Ca of matrix coefficients of A is a commutative Hopf subalgebra of H. 

We have moreover k[CA\ — 0[F], where T is an algebraic subgroup of 
PSL 2 (k). 

Proof. Let p : A —> A ® H be the ii-comodule structure on A. Consider the 
basis of A consisting of the unit quaternions 

60 = (I i)' ei= ("^ A)' 62 = (? ~o)> e * = (J=i 

These satisfy the following multiplication rules: 

(3.1) ef = -e , 1 < i < 3, e\e 2 = e 3 , e 2 e 3 = d, e 3 ei = e 2 . 

Moreover, {ei,e 2 ,e 3 } forms a basis of W, the kernel of the trace map Tr : 
M 2 (&) — > fc. Since by assumption, this is an .ff-subcomodule of .A, then we 
can write p(eo) =eo®l and 

3 

p(e») = (giXji, 

for all 1 < i < 3, where G iT. In particular, Xy, 1 < i,j < 3, generate 
the subalgebra /c[Ca]- We have moreover, 

(3.2) A(xij) = ^2xu® xij, l<i,j<3. 

i 

The map W ®W ^ k, ei® ej ^ 5{j, is //-colinear since it is the composition 
of i^-colinear maps 

W® W C M 2 (k) ®M 2 (k) M 2 (fc) fc. 

Hence we see that the matrix (xy) is orthogonal, and we have S(xij) = Xji, 
1 < hj < 3 (see Section 4 for details). 

Since p is an algebra map, it must preserve the relations (3.1). The 
relations p(ei) 2 = — eo tg) 1, 1 < i < 3, amount to 

for all i = 1,2,3. This means that the matrix coefficients in a given column 
commute pairwise. Using the antipode, we get 

and thus the matrix coefficients in a given row commute pairwise. 
The remaining relations (3.1) amount to 

(3.3) x u x t j - xtjXH = ±x i i t) ^ ij)l 
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where 1 < i / j < 3, 1 < / + t < 3. Here, (It) G {1,2,3} is such that 
{I, t} Li {{It)} = {1, 2, 3}, if I ^ t, and the sign in the right hand side of (3.3) 
is determined by i and j. 

We know that the coefficients x^ commute with each other, provided they 
belong to the same column or to the same row of the matrix (xy). 

Suppose 1 < i j < 3, 1 < Z ^ £ < 3, and consider the matrix coefficients 
xi j, x ti . In view of (3.3), we may write ±x tj = x^x^ - x t{ij )X(i t)i . 
Thus the matrix coefficient xij also commutes with xu- Together with the 
above remarks, this shows that k[xij \ 1 < i,j < 3] is a commutative Hopf 
subalgebra. 

Furthermore, the orthogonality of the matrix (x^) and equations (3.3) 
for the pairwise commuting elements iy, give the defining relations for 
0[SOs{k)] ~ C[PSL2(/c)], therefore determining a unique algebra map 

(3.4) / : 0[PSL 2 {k)} - k[xij\ 1 < i,j < 3] = fc[CU]. 

Because of formula (3.2), this map is a bialgebra map, whence a Hopf algebra 
map. Thus /c[Ca] is isomorphic to C[r], where T C PSL2(&) is an algebraic 
subgroup, as claimed. □ 

3.2. The Hopf algebra H(n). Let n > 2. Let i7(n) be the algebra pre- 
sented by generators ay, bij, 1 < i, j < n, and relations 

,4*5 = J = B*4 = J = *AB, 

where A and -B denote, respectively, the matrices (ay) and (fry), and / is 
the n x n identity matrix. 

The algebra -ff (n) has a Hopf algebra structure with multiplication, counit 
and antipode given, respectively, by 

A(ay) = ® a^, e(ay) = <5y, S(ay) = bji, 

i 

i 

The Hopf algebra H(n) coincides with the universal cosovereign Hopf algebra 
H(I n ), introduced in [5] (when k = C, it is the Hopf *-algebra associated 
with Wang's universal compact quantum group in [52]). It is cosemisimple 
by [8], with S 2 = id. The n-dimensional vector space V with basis (ej)i<j< n 
has a natural .ff (n)-comodule structure a : V — ► V (8> H(n), where a(ei) = 
Xy=i e j ®a-ji, 1 <i <n. 

Moreover, for any Hopf algebra H with S 2 = id, and i7-comodule a : V — > 
V <8> H, of dimension dimy = n, there exist an ff(n)-comodule structure 
a' : V — > V (8> H(n), and a unique Hopf algebra map / : H(n) — > i7 such 
that (id<g>/)a' = a. 

Consider the Hopf subalgebra H + {2) of i?(2) generated, as an algebra, 
by all products ay&tz, 1 < i,j,t,l < 2. The following result is the algebraic 
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generalization of a result proved in [2] (Theorem 5) in the compact quantum 
group framework. This proof given here is simpler. 

Corollary 3.3. H + (2) is a commutative Hopf subalgebra of H(2) isomor- 
phic to 0[PSL 2 (A;)]. 

Proof. Let V be the standard 2-dimensional ff(2)-comodule. Keep the no- 
tation in the proof of Proposition 3.2. The subalgebra H + {2) coincides with 
the subalgebra fc[CU]. We have S 2 = id in H(2). Consider the surjective 
Hopf algebra map / : C[PSL 2 (A;)] -► H+(2) in (3.4). 

On the other hand, there is a natural Hopf algebra inclusion 0[PSL2(/c)] C 
0[SL2 (&:)]. The universal property of H{2) in [5, Theorem 4.2] gives a 
surjective Hopf algebra map H(2) — ► 0[SL2(/c)] that induces by restriction 
a Hopf algebra map g : H + {2) — > C?[PSL2(A;)]. The map g defines an inverse 
of /. Thus / is an isomorphism and we are done. □ 

3.3. The finite dimensional case. Let H be a finite dimensional Hopf 
algebra. Since k has characteristic zero, then H satisfies S 2 = id if and only 
if H is cosemisimple, if and only if H is semisimple [25]. 

We shall use these facts together with Proposition 3.2 to prove a refine- 
ment of [38, Theorem 11] in the finite dimensional context. See Theorem 



Recall that a finite subgroup of PSL2(/c), called a polyhedral group, is up 
to isomorphisms, one in following list. 

(i) The cyclic group Z n , n > 1; 

(ii) the dihedral group D n , of order 2n, n > 2; 

(iii) the group T of symmetries of the regular tetrahedra, of order 12; 

(iv) the group O of symmetries of the regular octahedra, of order 24; 

(v) the group I of symmetries of the regular icosahedra, of order 60. 

We have T ~ A4, O ~ 84 and / ~ A5. 

The Hopf algebra k^ n ~ k7L n is cocommutative. For the other subgroups 
T, the coalgebra types of k r are the following: 



Proof of Theorem 1.1. Let V be the simple 2-dimensional comodule corre- 
sponding to C. Then A = V®V* ~ M2{k) is an //-comodule algebra. Since 
H is finite dimensional and cosemisimple, then S 2 = id. By Remark 3.1, 
the trace map Tr : A —> k is iZ-colinear. 

Applying Proposition 3.2, we get that fc[CU] C H is a commutative Hopf 
subalgebra of H isomorphic to k r , where T is a finite subgroup of PSL2(fc). 
Since A = V V* as //-comodules, the subcoalgebra Ca coincides with 



1.1. 




2), fc As : (1,1; 3, 2; 4,1; 5,1). 



n odd, 



n even, 



CS{C). 
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It remains to show that T is a non cyclic subgroup, which will ensure, in 
view of the above list, that it has even order. So assume that T = (g), where 
g G PSL2(/c) has finite order. Let M G SL<2(£;) be a matrix representing g: 
it follows from the fact that g has finite order that M is diagonalisable, 
and hence the conjugation action of M on A = V © V* has at least two 
trivial subrepresentations, which contradicts the fact that V is a simple H- 
comodule (since the category of /c[C^]-comodules is a full subcategory of the 
category of il-comodules) . 

Consider now the subgroup G[x], where x £ C is the character of V. 
Then we see, by examining the decomposition of V © V* into a direct sum 
of irreducibles, that |G[x]| = 1,2 or 4. More precisely we have 

(1) \G[x]\ = 1 < ^=^ V ®V* ~ k®W, where W is a simple fe r -comodule 
of dimension 3. 

(2) \G[x}\ = 2 <=> V © V* ~ k © kx © Z, where x £ G(H) has order 2 
(in fact x € G[x\) and Z is a simple /c r -comodule of dimension 2. 

(3) |G[x]| = 4 y (g) y* ~ k © fcx © ky © fcz where x, y, z £ G(H) 
(and then G[x] = {l,x,y,z}). 

The reader will easily check the details (see [38], Theorem 10, for this kind 
of reasoning). The proof of the last statement of Theorem 1.1 now follows 
from the coalgebra types of k r , listed above. □ 

Remark 3.4. Keep the notation in Theorem 1.1. Assume that XX* = 1 + A, 
where A is an irreducible character of degree 3. This means that possibility 
(1) in [38, Theorem 11] does not hold. 

Then B = k[CS{C)} coincides with the subalgebra generated by the sub- 
coalgebra C\ containing A, of dimension 12, 24 or 60. Further, assume that 
dim/c[CA] = 24, that is, k[C\] ~ k^ 4 . In view of the fusion rules of represen- 
tations of S4, x ^ k[G\]. The coalgebra types in the remaining cases, imply 
that x k[C\] for any possible isomorphism class of k[C\\. In particular, 
k[C\] is a proper Hopf subalgebra of H. 

3.4. A special situation. We use the previous considerations to attach an 
exact sequence to a cosemisimple Hopf algebra having a faithful comodule 
of dimension 2, in a special situation. The precise result is the following one. 

Recall from [22, 4.1] that the order of an .ff-comodule V is the smallest 
natural number n such that V® n contains the trivial i?-comodule. For 
instance, if V is self-dual and nontrivial, then the order of V equals 2. 

Theorem 3.5. Let H be a cosemisimple finite dimensional Hopf algebra 
having a faithful irreducible comodule V of dimension 2, and assume that 
V © V* ~ V* © V. Then there is a cocentral abelian exact sequence of Hopf 
algebras 

k ^ k ^ H ^ kHifYi ^ k 

for a polyedral group T of even order and m > 1, such that m divides the 
order of V. 
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Proof. The universal property of H(2) yields a surjective Hopf algebra map 
H(2) — ► H. Denote by H+ the image of H + {2) in H. We know from Theo- 
rem 1.1 and its proof that H + ~ k r for a polyedral group T of even order. 
If C is the coalgebra corresponding to V, we have -ff C oad = &[C<S(C)] = H + 
by Lemma 2.4, and hence the exact sequence (2.6) gives a cocentral exact 
sequence 

k^k T ^H^kM^k 

for a (finite) group M. It remains to check that the group M is cyclic. We 
have kM ~ H / (H + ) + H , and hence it is enough to check that H/{H + ) + H is 
the group algebra of a cyclic group. For notational simplicity, the elements 
ciij,bij of H{2) are still denoted by the same symbol in H / (H + ) + H . In 
H/(H + )+H, we have 

aabjj = 1, aijbki = if i ^ j or k ^ I. 

Hence if i ^ j, we have Ojj = aijdubjj = 0, and the elements an are group- 
like, and they generate M. We have moreover an = anbjjajj = ajj, and 
hence M is cyclic. 

Let now N be the order of V. Let v\,V2 be a basis of V such that 
= Ylj v j ® a ji- Since contains the trivial corepresentation, there 
exists v = ijv Aj 1) ... j j Jv i;j 1 (8> ■ ■ ■ <8> ^ in y 0Ar such that v / and 

= X] ^i,..,»jv fji ® • • • ® fj w ® ajiii • • • ijjviiv = " ® !• 
h,—,iN,ji,—,3N 

Then, in V® N ® H/(H+)+H, we have 

i><g)l= ^ Xn,...,^ ® ■ ■ ■ ® v iN ® a N = v ® a N , 

h,...,i N 

where a = aj 1 j 1 = • • • = ai N i N . Hence a N = 1, and since m equals the order 
of a, then m divides N, as claimed. □ 

Remark 3.6. The assumption of the previous theorem holds if H is coqu- 
asitriangular, or if V ~ V*. The self-dual situation is studied in the next 
sections; we have in this case m < 2. 

Corollary 3.7. Let H and V be as in Theorem 3.5. Then for all irreducible 
H -module W , the dimension of W divides the order of V . 

Proof. As an algebra, H is a crossed product fc r #/cZ m . Then the irreducible 
representations of H are of the form W s := Ind^^^ s <8> U s , where s runs 
over a set of representatives of the orbits of the action of 7L m in T, and 
C s C Z m is the stabilizer of s, and U s is an irreducible representation of 
C s . See [32] for a description of the irreducible representations of a general 
group crossed product. In particular, we have dimWg = [Z m : C s ]dimU s , 
and since diml^s divides the order of C s , then dimW s divides m. This 
implies the corollary since, by Theorem 3.5, m divides the order of V. □ 
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Remark 3.8. The exact sequence (2.6) is still valid if the cosemisimple Hopf 
algebra H is not assumed to be finite dimensional, and hence we still have 
a cocentral exact sequence 

k -► 0[G] ->■ H -»• kM ->■ k 

where G C PSL2(A;) is an algebraic subgroup and M is a cyclic group. Note 
however that in the infinite dimensional situation, the Hopf algebra H will 
not necessarily be a crossed product, because H is not necessarily free as a 
left (or right) module over its Hopf subalgebra 0[G] [44, 53]. 

4. Hopf algebras with a self-dual faithful comodule 

In this section we discuss general results for Hopf algebras having a faithful 
self-dual comodule. 

4.1. The Hopf algebra of a nondegenerate bilinear form. Let n > 2 

and let E G GL n (/c). Let 13(E) be the algebra presented by generators a^-, 
1 < i,j < n, and relations 

E- 1 1 AEA = I = AE~ l l AE, 

where A denotes the matrix (a^) and / is the n x n identity matrix. 

There is a Hopf algebra structure on B(E) with multiplication, counit 
and antipode given, respectively, by 

z 

The Hopf algebra #(£7) was introduced in [12] as the quantum group of a 
nondegenerate bilinear form. The n-dimensional vector space V = V E with 
basis (ej)i<j< n has a natural ^(£')-comodule structure a : V ^ V ® B(E), 
where a(ej) = Xlj=i e j ® a j«' ^ — * — n - Moreover, the nondegenerate 
bilinear form (3 : V <S> V — > k, (3(ei ej) = Eij, is a S(£')-comodule map. 

Moreover, B(E) is universal with respect to this property. Namely, for 
any Hopf algebra H and //-comodule V of finite dimension such that (3 : 
V <S> V — > k is a nondegenerate //-invariant bilinear form, then V is a B(E)- 
comodule, where E 6 GL n (fc) is any matrix associated to /?. In this case, 
/3 is a ^(S)-comodule map and there exists a unique Hopf algebra map 
/ : B(E) — > i/ such that (id<g>/)a = a', where a and a' are the coactions 
on V of B(E) and i/, respectively. 

For an //-comodule V, the existence of a nondegenerate //-invariant bi- 
linear form on V means exactly that V is self-dual, that is, V* ~ V as 
//-comodules. This is also equivalent to 5(C) = C, where C C // is the 
subcoalgebra spanned by the matrix coefficients of V. 

Isomorphism classes of the Hopf algebras B(E) are classified by the orbits 
of the action of GL n (fc) on itself defined by G.E = l GEG, G,E £ GL n (k). 
More precisely, it is shown in [7, Theorem 5.3] that for E E GL„(fe), F G 
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GL m (fc), the Hopf algebras 13(E) and B(F) are isomorphic if and only if 
n = m and E and F are conjugated under the action of GL n (k). 

Our motivation for studying the Hopf algebras B(E) is the following basic 
result. 

Proposition 4.1. Let H be a Hopf algebra having a faithful self-dual H- 
comodule V. 

(1) There exists a surjective Hopf algebra map 13(E) — ► H , where the 
size of the matrix E is the dimension of V. 

(2) // H is cosemisimple and S 2 = id, then the above matrix E is either 
symmetric or skew- symmetric. 

(3) // H is semisimple, then the above matrix E is either symmetric or 
skew-symmetric. 

Proof. The first assertion follows from the previous discussion and the uni- 
versal property of 13(E). The second one follows from the Frobenius-Schur 
theorem for cosemisimple Hopf algebras with S 2 = id [6], and the third one 
follows from the second one and the fact that a semisimple Hopf algebra is 
automatically cosemisimple and with S 2 = id [25] (one may also use directly 
the Frobenius-Schur theorem for semisimple Hopf algebras from [26]). □ 

Remark 4.2. Consider the situation in Proposition 4.1 (3), where V is an 
irreducible comodule. Then the matrix E is symmetric or skew-symmetric, if 
and only if the Frobenius-Schur indicator v(V) equals 1 or —1, respectively. 

4.2. Exact sequences attached to quotients of B(E). Let L C B(E) 
denote the linear span of a^, 1 < i,j < n. Let also B+(E) = k[L 2 ] be the 
subalgebra generated by L 2 , and B-(E) be the subspace of odd powers of 
L. 

Then B+(E) is a Hopf subalgebra, B-(E) is a subcoalgebra, and there 
is a Z^-algebra grading B(E) = B + (E) © B-(E) (the fact that the sum is 
direct follows from the Z^-action constructed in proof of the next result). 

Proposition 4.3. The Hopf algebra B + (E) is a normal Hopf subalgebra of 
B(E) and there is a cocentral exact sequence of Hopf algebras 

k -► B + (E) -► B(E) -► kZ 2 k. 

Proof. It is easy to check the existence of a Hopf algebra map ( : B(E) — ► 
kZ.2 be defined by C( a ij) = <%5S where 1 ^ g € The relation C(^i)®^2 = 
C( x 2) ® x\ is clearly satisfied for x = a^-, 1 < i, j < n. Since these generate 
B(E), we get that the map ( is cocentral. 

The Hopf algebra map ( induces a Z2-action on B(E), given by g.a^ = 
- aij . It is then clear that B + (E) = B(Ef 2 = B(E) C <, and we have our 
exact sequence by Lemma 2.1. □ 

Now let B(E) — > H be a Hopf algebra quotient. We denote by H + the 
image of B + (E) in H, this is the subalgebra of H generated by the coefficients 

ofy® 2 . 
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Proposition 4.4. Let 13(E) — > H be a Hopf algebra quotient. Then H + is a 
normal Hopf subalgebra of H, and we have [H : H+] = dim H / (H + ) + H = 1 
or 2. Moreover if [H : H + ] = 2, we have a cocentral short exact sequence of 
Hopf algebras 

k -»• H + ->■ H ->■ kZ 2 ->■ fc 

Proof. It is clear that -£/+ is a normal Hopf subalgebra of i7. For notational 
simplicity, the elements a^ of 13(E) are still denoted by the same symbol in 
any quotient. In H/(H + ) + H, we have 

auajj = 1, aija k i = 0, if i / j or fe / Z 

Hence if i 7^ j, we have a^ = a\aij = 0, and an = ctua'jj = djj- It follows 
that H/(H + ) + H ~ A; or H/(H + ) + H ~ A;Z2, depending whether g = an = 1 
or not. If H/(H + ) + H ~ fcZ2, the canonical projection i7 — > H/(H + ) + H 
is defined by the same formula as the map ( in the proof of the previous 
proposition, and one concludes in a similar manner. □ 

Remark 4.5. We gave the direct (easy) proofs for the exact sequences in the 
previous propositions. These exact sequences are special cases of (2.6). 

4.3. ^2-grading on comodule categories and adjoint subcategory. 

By [7, Theorem 1.1] there is an equivalence of tensor categories 

(4.1) B(E) - comod ~ O q [SL 2 (k)] - comod, 

where q is a root of the polynomial X 2 + Tr(E t E^ l )X + 1. The equiva- 
lence sends the standard ^(-E')-comodule V E to the standard 2-dimensional 
g [SL<2(A;)]-comodule U. 

We shall assume in this subsection that the roots of the polynomial X 2 + 
Ti(E t E~ 1 )X + 1 are generic. In this case recall that Oq[SL2(fc)]-comod is 
a semisimple tensor category whose simple objects are represented by the 
comodules (U n ) n >o, where dimC/ n = n+1 (in particular, Uq = k and U\ = U 
is the standard 2-dimensional comodule). These obey the following fusion 
rules: 

(4.2) Ui (8> Uj ~ u i+j e u i+j -2 © • • • e u^, 

for all i,j > 0. 

Let C = O q [SL2(k)] — comod. Consider the full abelian subcategories C+, 
respectively C_, whose simple objects are (Ui)i even , respectively (Ui)i Q dd- 
The fusion rules (4.2) imply that C = C + ©C_ is a faithful ^-grading on C. 
In particular, C + is a tensor subcategory of C. See [41, p. 7]. 

Lemma 4.6. C + = C a( j is the tensor subcategory of C generated by Ui- 

In particular, since U2 © U2 — U4 © U2 © Uq, we have (C a d) a d = Cad- 

Proof. It is clear. □ 

Let C E denote the category of finite dimensional £>(i?)-comodules. The 
equivalence (4.1) has the following corollary. 
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Corollary 4.7. There is a faithful Z 2 -grading C E = C E © Cf , where Cf = 
is the full tensor subcategory generated by the simple comodule V 2 E ■ 
Moreover B±(E) — comod = C±. 

Proof. The first assertion follows from the equivalence (4.1). The adjoint 
category C E = C E d is the category of corepresentations of a Hopf subalgebra 
B of B(E). Indeed, it follows from the first assertion that B is the subalgebra 
generated by the matrix coefficients of the simple comodule V E . In view of 
the relation V E © V E ~ k © V 2 E , B coincides with the subalgebra of B{E) 
generated by the products a^a^, 1 < hj,k,l < n; that is, B = B + (E). 
Similarly, B- (E) - comod = C E . □ 

In the next proposition we shall consider the one-parameter deformation 
of S0 3 (/c) as studied by Takeuchi in [50]. See also [16, 42]. 

We use here the notation O q 2 [SO^k)] to indicate the Hopf algebra de- 
noted »4 9 2(3) in [50]. 

Proposition 4.8. There is an isomorphism of Hopf algebras O q [SL 2 (k)] + — 
O q 2 [SOs(A;)]. Therefore the equivalence (4.1) restricts to an equivalence of 
tensor categories 

(4.3) B+(E) - comod ~ O e [S0 3 (ife)] - comod . 

Recall that in (4.1) q is a root of the polynomial X 2 + Tr(E t E~ 1 )X + 1, 
and we are assuming that q is generic. 

Proof. Note that O q [SL 2 (k)} = B(E q ), where E q is the 2 x 2-matrix de- 
fined by (E q ) u = (E q ) 22 = 0, {E q ) 12 = -q- 1 / 2 , (E q ) 21 = q 1 / 2 . So that, 
denoting by Xij, 1 < i,j < 2, the generators of O q [SL 2 (k)], we have that 
O q [SL 2 (k)] + = B + {E q ) is the Hopf subalgebra generated by the products 
XijXu, 1 < i,j,t,l < 2. 

Since the parameter q is generic by assumption, there is an injective 
Hopf algebra map / : O q2 [S0 3 (k)] -> O q [SL 2 (k)] [50, Proposition 8], [11]. 
Furthermore, in view of the definition of / in [50], the image of / co- 
incides with O q [SL 2 (k)] + = B+(E q ), therefore defining an isomorphism 
O q [SL 2 (k)] + ^ O q2 [S0 3 (k)]. 

Finally, note that the equivalence (4.1), being an equivalence of tensor 
categories, must preserve the adjoint subcategories. Then it induces by 
restriction the equivalence (4.3). This finishes the proof of the proposition. 

□ 

Proposition 4.9. Let C be the tensor category of finite dimensional H- 
comodules, where H is a semisimple Hopf algebra having a self-dual faithful 
simple comodule V . Then there is a Z 2 - grading C = C + © C-, where C + = 
C a d- Moreover, C + is the full tensor subcategory generated by the simple 
constituents of V® 2 and C + = H + — comod. 

Proof. We have a surjective Hopf algebra map / : B(E) — > H. This induces 
a dominant tensor functor F : C E — > C. Therefore, in view of Corollary 4.7, 
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C = C + © C_ is a Z 2 -grading on C, where C± = F(Cf). Since F{V E ) = V, 
then it is clear that C + is generated by the simple constituents of V® 2 , 
whence, by definition, C + = C a( j = H + — comod. □ 

Remark 4.10. Consider the dominant tensor functor F : C E — > C in the 
proof of Proposition 4.9. In view of the equivalences (4.1) and (4.3), F gives 
rise to dominant tensor functors 

0q[SL<2(£;)] — comod — > H — comod, O q 2 [SOs(A;)] — comod — ► .£/+ — comod, 
for an appropriate choice of the (generic) parameter q £ k x . 

5. The 2x2 case 

5.1. Classification of £>(.E)'s. In the 2x2 case, the orbits of the GL<2(&)- 
action are represented by one the matrices 

Moreover, the matrices £4 and belong to the same orbit if and only if 
q' = q±K 

Hence in this case the Hopf algebra B{E) is isomorphic to exactly one of 
the Hopf algebras in the following list: 

(1) O q [SL2(k)], q € k\{0, 1}, corresponding to the matrices E q ; 

(2) C[SL2(fc)], corresponding to the matrix E\\ 

(3) B(E m ). 

See [7, Theorem 5.3], [12, Section 6]. Note that, by [7, Theorem 1.1], the 
category of comodules over the Hopf algebra B(E m ) is tensor equivalent to 
the category of 0[SL2(fc)]-comodules. 

In particular, we have the following 

Corollary 5.1. Suppose that the matrix E is symmetric (respectively, skew- 
symmetric). Then the Hopf algebra B(E) is isomorphic to 0_i[SL<2(£;)] (re- 
spectively, to 0[Sli2(k)]). □ 

The corollary implies that the Hopf algebras B(E m ) and O g [SL 2 (A;)], q ^ 
±1, have no nontrivial finite dimensional quotient Hopf algebra. 

Example 5.2. Let H be a finite dimensional Hopf algebra and let C C H 
be a simple subcoalgebra such that dimC = 4 and S(C) = C. Suppose that 
the Hopf subalgebra k[C] is not semisimple. Then the order of S 2 \c is an 
integer m > 1 [25]. The assumptions imply that there is a Hopf algebra 
map B(E) — > H, whose image is k[C], for some E £ GL 2 (fc). Since k[C] is 
not cosemisimple, then B(E) ~ O g (SL 2 (fc)), for some root of unity q £ k x , 

This fact was proved by Stefan in [46, Theorem 1.5], and then it was used 
in the classification of Hopf algebras of low dimension [46, 35]. Note that 
when q is a root of unity of odd order, O g (SL2(fc)) contains a central Hopf 
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subalgebra A ~ 0(SL2(k)). This gives a central Hopf subalgebra A C k[C], 
such that the quotient H/HA + is dual to a pointed Hopf algebra. 

The following corollary gives the classification of cosemisimple Hopf alge- 
bras satisfying condition (4) in the Nichols-Richmond Theorem [38] under 
the assumption that the simple 2-dimensional comodule is self-dual and 
faithful. 

Corollary 5.3. Let H be a cosemisimple Hopf algebra. Suppose H has 
a family {C n : n > 1} of simple subcoalgebras such that dimC n = n 2 , 
satisfying, for all n >2, 

C n S{C 2 ) = C n _i + C n+ i, n even, C n C 2 = C n _i + C n+1 , n odd. 

Assume in addition that H = k[C], where C = C\, and S(C) = C . Then H 
is isomorphic to one of the Hopf algebras 0±i[Sli2(k)], B{E m ), or (9 ? [SL2 (A;)], 
q £ fc\{0, ±1} not a root of unity. 

Proof. Let Q{H*) denote the Grothendieck ring of the category of finite di- 
mensional //-comodules. The assumption H = k[C] implies that Q(H*) is 
spanned by the irreducible characters Xi corresponding to the simple sub- 
coalgebras Cj, i > 1. The assumption also implies that there is a surjective 
Hopf algebra map / : B(E) — ► H, for some E £ GL 2 (fc), such that f(C) = C, 
where C C B{E) is the simple subcoalgebra corresponding to the standard 
2-dimensional corepresentation V of B(E). Furthermore, / induces an iso- 
morphism between the Grothendieck rings. Then / is an isomorphism, by [7, 
Theorem 1.2]. The result follows from the classification of the Hopf algebras 
B(E) in the 2 x 2 case. □ 

5.2. The Hopf algebra C_i[SL 2 ( At)]. Recall from [24] the definition of the 
quantum groups O q [SL2(k)], where q £ k, q / 0. We shall be interested in 
the case q = — 1. 

As an algebra, 0_i[SL2(A;)] is presented by generators a, b, c and d, with 
relations 

be = cb, ad = da, 

(5.1) ba = —ab, ca = —ac, db = —bd, dc = —cd, 

ad + be = 1. 

We shall use the notation A = CLifSL^A:)]. Similarly, A will denote the 
commutative Hopf algebra C[SL2(Ar)], with standard commuting generators 
x,y,z,t and defining relation xz — yt = 1. 

(a b\ ( x u \ 

A (respectively, I I) will be 

alternatively denoted by (respectively, Xjj), 1 < i,j < 2. 

The algebra A has a Hopf algebra structure with comultiplication, counit 
and antipode determined by the formulas 

(5.2) A(oij-) = J2a ik <g> a kj , e{ aij ) = 5 ij: S ^ ^ = ^ ^ . 
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The following lemma is well-known. See [43, Proposition 2.2]. 

Lemma 5.4. Let V be an irreducible representation of A. Then the dimen- 
sion ofV equals 1 or 2. □ 

Consider the Z2-algebra grading A = A+ © A- as in Subsection 4.3. The 
Hopf subalgebra A+ is the largest commutative Hopf subalgebra of A [51, 
Theorem 15.4]. 

In the same way, we have a Z2-algebra grading A = A + © A_. By [51, 
Corollary 15.3], A + ~ A+ as Hopf algebras. 

The category comod —.4+ corresponds to the tensor subcategory of A- 
comodules having only even weights [51, Theorem 15.5]. As Hopf alge- 
bras, A + is isomorphic to the algebra of coordinate functions on the group 
PSL^/c) ~ SOs(/c). Note, however, that A is not free as a left (or right) 
module over its Hopf subalgebra A + [44, 53]. 

There is a Z2 x Z^-algebra grading on A (respectively, on A), such that 
a,d (respectively, x,t) have degree (1,0), and b, c (respectively, y,z) have 
degree (0, 1). Associated to this grading, there is a deformed product . in 
A, defined in the form 

u .v = (-iy^uv, 

for homogeneous elements u,v G A, of degrees (i,j) and (k, I), respectively. 
See [51, Section 15]. 

This defines an associative product which makes (A, .) into a Z2 x Z2- 
graded algebra with the same unit as A. Moreover, there is an isomorphism 
of graded algebras A : (A,.) — > A, determined by X(xij) = aij, 1 < i,j < 
2. The vector space isomorphism underlying A is furthermore a coalgebra 
isomorphism [51, Proposition 15.1]. 

We have \(A±) = A±. Moreover, the product in A + C A coincides with 
the deformed product ., since A + sits in degrees (0,0) and (1, 1). Hence the 
restriction of A induces a canonical Hopf algebra isomorphism A + — > A+ ■ 

Recall that, by Proposition 4.3, A+ is a normal Hopf subalgebra of A, and 

we have a short exact sequence of Hopf algebras k — ► A+ — ► A — > fcZ2 — > k, 
where the map ( : A — > fcZ2 is determined by C( a ij) = °~ij9, 1 7^ 9 G ^2- 

Proposition 5.5. A induces a commutative diagram with exact rows 

k ► A + ► A — ^— » fcZ 2 > k 

(5-3) I J* |a | = 

fc > A+ > A — - — > k.%2 ► k. 

Proof. The proof is straighforward. □ 

Remark 5.6. The Z2-gradings A = A + ®A^. and A = A+®A- are associated 
to the Z2-coaction arising from the Hopf algebra surjection £' : A — > fcZ2, 
respectively, C : «4 — ► fcZ2- Moreover, A : A —>■ A is a Z2-graded map. 
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On the other hand, we have A + = ^4(o,o) © ^(1,1) > ^- = -^(1,0) © -^(0,1) 
and similarly, A+ = ^4(o,o) © A 1 . 1 )' A- = *4(i,o) © ^(0,1) ■ This can be seen 
using that the set 

{a l Vc k : < i,j,k} U {b i c i d k :0<i,j,0< k}, 

forms a basis of the algebra A, and similarly for A. See [24]. 

Suppose J C A is a ^-homogeneous ideal of A, that is, J is an ideal 
and J = J + © J- , where J7± = J fl .A± . Then it follows from the definition 
of the product . that {J, .) is an ideal of (A, .). Therefore, J = A _1 (,7) is a 
^-homogeneous ideal of A. 

5.3. Finite quantum subgroups of 0_i[SL2(fc)]. Let H be a nontrivial 
(i.e. non commutative) finite dimensional quotient Hopf algebra of A = 
0_i[SL2(£;)]. In particular, H is semisimple and cosemisimple. 

Proposition 5.7. The Hopf algebra H fits into an abelian cocentral exact 
sequence 

(5.4) k -> k r -> H -> kZ 2 -> k, 

where T is a finite subgroup of even order o/PSL2(fc). The adjoint Hopf 
subalgebra -ff C oad is commutative and isomorphic to kF . 

Proof. Since H is not commutative and H + is, the exact sequence follows 
from Proposition 4.4. The Hopf algebra -ff C oad is determined by i^coad — 
comod = (H — comod) a d, and we have (H — comod) a d = H + — comod by 
Proposition 4.9. Hence H coaA = H + = k r . □ 

Remark 5.8. Another way to prove the proposition is to use Theorem 3.5. 

Since the extension (5.4) is cocentral, the proposition implies that H* has 
a central group-like element of order 2. 

Remark 5.9. Consider another quotient Hopf algebra A — > H', giving rise to 
an exact sequence k — > k r — ► H' — > k7hi — > k, as in Proposition 5.7. Assume 
that H ~ H' as Hopf algebras. Then F ~ T' and this exact sequence is 
isomorphic to (5.4). 

Proof. By construction, we have k r = -ff C oad and k r ' = -ff' CO ad- Therefore a 
Hopf algebra isomorphism H — > if' must restrict to an isomorphism fe r — > 
/c r . Then it induces an isomorphism of the corresponding exact sequences. 

□ 

As explained in Subsection 2.1, the extension (5.4) is determined by an 
action of Z2 on F, or in other words, by a group automorphism 9 of order 
2, and a pair (cr, r) of compatible cocycles. 

By Remark 5.9, this data determines the isomorphism class of H which 
is that of a bicrossed product k Vr j^ u k%2- 
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Remark 5.10. Since Z2 is cyclic, we may apply [34, Lemma 1.2.5] to the 
dual extension k Z2rT # T kT } whence we get that the class of a is trivial in 
H 2 (Z 2 ,(k r ) x ). 

By [29, Proposition 5.2], after eventually changing the representative of 
the class of r in H 2 (T, (/c Z2 ) x ), we may assume that a = 1. This can be 
seen alternatively, applying [27, Theorem 4.4]. 

The automorphism 9 and the class of r will be explicitly determined in 
Lemmas 5.17 and 5.15, respectively. 

Recall that a finite Hopf algebra over the field of complex numbers is called 
a Kac algebra if it is a C*-algebra and all structure maps are C*-algebra 
maps. 

Corollary 5.11. Suppose k = C Then H admits a Kac algebra structure. 

Proof. It follows from Proposition 5.7 and [28]. □ 

Let H be as in (5.4). The next corollary describes the category Rep H of 
finite dimensional representations of H. Let Vec r denote the fusion category 
of finite dimensional T-graded vector spaces. 

Corollary 5.12. There is an action 0/ Z2 on Vec r by tensor autoequiva- 
lences such that Rep H is equivalent to the ^-equivariantization (Vec r ) Z2 . 

Proof. It follows from Proposition 5.7 and [37, Proposition 3.5]. □ 

Remark 5.13. For every finite subgroup T of PSL2(/c), as listed in (i)-(v) 
of Subsection 3.3, there is a subgroup T (often denoted 2r) of SL2(fc) such 
that f/{±I} = r. 

The groups T are called the binary polyhedral groups. These groups are 
non-split central extensions of Z2 by the corresponding polyhedral group: 

(5.5) o^z 2 ^r^r^i. 

Furthermore, we have Z(T) ~ Z2. A binary dihedral 2-group is also called 
a generalized quaternion group. There are isomorphisms T ~ SL(2,3), / ~ 
SL(2,5) [9], [48, Theorem 6.17]. 

We shall denote by u G H 2 (T, Z2) the nontrivial cohomology class arising 
from the central extension (5.5). 

Remark 5.14. For the finite subgroups of PSL2(A;) listed before, we have 
H 2 (Z n ,k x ) = 1, H 2 (D n ,k x ) = 1, for n odd, H 2 (D n ,k x ) ~ Z 2 , for n even, 
while the groups H 2 (T, k x ), H 2 (0, k x ) and H 2 (I, k x ) are all cyclic of order 
2. See [23, Proposition 4.6.4 and Theorems 4.8.3, 4.8.5]. 

In particular, if V is one of the groups T, O, I or D n , n even, then 
r is a representation group of T. That is, every (irreducible) projective 
representation of T lifts uniquely to an (irreducible) linear representation of 
f . See [23, Chapter 3]. 
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5.4. Description. Again H is a nontrivial finite dimensional quotient Hopf 
algebra of A = 0-±[SL2(k)]. We shall next determine the cohomological 
data arising from the extension (5.4). 

Recall that such an extension is determined by a group automorphism 
9 G Aut T of order 2, and an element of the group Opext(fc , kZ 2 ) associated 
to 6. 

Let otij = Tr(aij), 1 < i,j < 2, denote the image in H of the standard 
generators of A. Thus the a^-'s span the simple subcoalgebra C of H such 
that H = k[C]. 

Let also p : H — > k%2 denote the (cocentral) Hopf algebra map with 
k r ~ H cop C if, and p(ctjj) = 5{jX, where Z2. 

Lemma 5.15. There is an isomorphism of coalgebras H — > /c r preserving 
the Hopf subalgebra k r . 

Identifying Z2 ~ Z2, i/ie c/ass 0/ i/te cocycle riTxr-t (k Z2 ) x arising 
from the exact sequence (5.4) is determined by 

(5.6) =P°w(s,t), 

/or all p G Z2, s,t G r, where uj G H 2 ^,^) is as in Remark 5.13. 

Proof. Since if is nontrivial, the commutative diagram (5.3) can be extended 
to a commutative diagram with exact rows 

k ► A+ ► ^4 > k%2 > k 

A 

(5.7) fc > A+ > A ► kZ 2 > k 

TT 

k > fc r ► H > k%2 > k, 

where commutativity of the bottom right square follows from the construc- 
tion of the exact sequence in the proof of Proposition 4.4. In particular, tt 
is a ^-graded map with respect to the canonical Z2-gradings on A and ii". 

Letting J C A denote the kernel of tt, it follows that J is a Z2-homoge- 
neous ideal. Then, by Remark 5.6, A _1 ( l 7) = J is an ideal of A. Moreover, 
J is also a coideal of A, since A is a coalgebra isomorphism. 

Since the composition tt\ : A — > H is surjective, this allows us to identify 
H ~ k s as coalgebras, where S C SL2(fc) is a finite subset. By the above, 
A _1 ( l 7) is a Hopf ideal of A. Then k is a quotient Hopf algebra of A, that 
is, S is a subgroup of SL2(fc). Commutativity of the diagram (5.7) implies 
that S is isomorphic to the binary polyhedral group associated to V. 

Since S ~ T, then S fits into an exact sequence (5.5), and thus S can be 
identified with Z2 x T with the product given, for s, t £ T, x, y G Z2, by the 
formula 

(x,s)(y,t) = (xyu (s,t),st), 
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where ojq G Z 2 (r,Z 2 ) represents the class u>. Then k is identified with 
fc Z2xr ~ k r <g> k 12 with the (dual) coproduct: 

A(e 9 <8> p){x <g> s <g> y ® *) = (e fl ® p)(xyLV (s, t) <g> st) = e g (st)p(xyLO (s, t)), 
for all s,t,g £T, x,y £ Z 2 , p e k^ 2 . Then, for all peZ 2 ^ Z2 , we get 
A(e 9 ®j)) = ^(po w )(s,t)(e s <8>p)<8> (e t <8>p). 

Comparing this expression with formula (2.3), we obtain formula (5.6) for 
r. This finishes the proof of the lemma. □ 

Remark 5.16. In view of Lemma 5.15, the Hopf algebras H can be regarded 
as 'deformations' of the binary polyhedral groups T. Observe that, since 
every Sylow subgroup of T is either generalized quaternion or cyclic, then T 
does not admit cocycle deformations. 

Indeed, by the classification of (dual) cocycle deformations in [33, 10], such 
deformations are classified by pairs (S,a), where S is a subgroup and a is 
a nondegenerate 2-cocyle on S. In particular, the order of S is necessarily a 
square. For the reason we mentioned, T contains no nontrivial such subgroup 
which admits a nondegenerate 2-co cycle. 

Let p : T — > GL(V) be a finite dimensional projective representation 
of T on the vector space V. Recall that a factor set of p is a 2-cocycle 
a : T x T — »■ k x such that 

p{s)p(t) = a{s,t)p(st), 

for all s,t € T. Under linear equivalence, the classes of projective repre- 
sentations with a given factor set a correspond to isomorphism classes of 
representations of the twisted group algebra k a T. 

In particular, if p, p' are projective representations on the vector space 
V, and X, X' C k T are the subspaces of matrix coefficients of p and p ; , 
respectively, then p is linearly equivalent to p' if and only if X = X' . 

In contrast with the notion of linear equivalence, there is a notion of 
projective equivalence. Projectively equivalent representations may give rise 
to factor sets differing by a coboundary. They correspond to isomorphic 
(linear) representations, when lifted to the representation group. 

Let r be the 2-cocycle determined by (5.6). That is, r p G Z 2 (T,k x ) 
is a 2-cocycle representing the class of p o u, where 1 / p G Z 2 . Since 
\H 2 (T, k x )\ < 2, we may and shall assume in what follows that t~ 1 = t p . 

Suppose p is a projective representation of T with factor set r p , that lifts to 
a self-dual representation of the group T, that is, such that p* is projectively 
equivalent to p. Since r" 1 = t p , then p* is indeed linearly equivalent to p. 

In particular, if X C k r is the subspace of matrix coefficients of p, then 
we have S(X) = X. 
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Lemma 5.17. Suppose that the quotient Hopf algebra 0_i[SL2(fc)] — > H, 
where H ~ k Vr #kZ2, affords the automorphism 9 G Aut(r) o/ order 2. 
T/ien i/iere exists a 2- dimensional faithful irreducible projective representa- 
tion pofT with factor set t p such that po 9 is linearly equivalent to p. 

Conversely, given such p and 9, there exists a unique noncommutative 
semisimple Hopf algebra extension H = k rr #kZ,2 affording the automor- 
phism 9, such that H is a quotient of C_i[SL2(fc)]. 

Proof. We shall identify Z2 — Z2 in what follows. Let H ~ fc rr #£;Z2, 
affording the automorphism 9 £ Aut(T) of order 2. Since H is a quotient 
C_i[SL2(fc)] — > i?, there exists a 4-dimensional simple subcoalgebra C C 
such that fc[C] = H and 5(C) = C. 

In view of Remark 2.2, C = X#p, where X is identified with a 4- 
dimensional simple subcoalgebra of the twisted group algebra (k Tp T)*. Let 
p be the irreducible projective representation corresponding to X. In view 

of Lemma 5.15, under the canonical coalgebra isomorphism H — > fc r , C 
corresponds to a self-dual faithful irreducible representation of V that lifts 
the projective representation p. Thus p is a faithful self-dual projective rep- 
resentation. Moreover, since r p = T~ l , then p* is linearly equivalent to p; 
that is, = X in /c r . 

Recall that the action of p G Z2 on T is given by the automorphism 9. 
In view of formula (2.4) for the antipode of H, condition S(C) = C implies 
that that p.X = S(X) = X, where . : A;Z2 ® fc r — > fc r is the action transpose 
to <l. This amounts to the condition that po 9 he linearly equivalent to p. 

Indeed, p.X is the span of matrix coefficients of the projective representa- 
tion po9 of r. On the other hand, if c = xj^p £ C, then, in view of formula 
(2.4) for the antipode of H, we have 



and the last expression belongs to p.S{X)#p = p.Xj^p. Hence S(C) = C, 
if and only if, p.X = X, if and only if, p o 9 is linearly equivalent to 9. 

Conversely, suppose given such 9 and p. Let 1 / p G Z2. We have in 
particular, 9*(t p ) = t~ 1 . This implies that (l,r) is a pair of compatible 
cocycles, thus giving rise to a Hopf algebra H = k Vr j^k7L2- 

Let X C k T be the span of the matrix coefficients of the 2-dimensional self- 
dual faithful irreducible projective representation p, and let C = Xj^p C i/. 

By assumption, po9 is linearly equivalent to p. Since the action of p € Z2 
on r is given by the automorphism 9, this implies that p.X = X, where 
. : k1i2 <8> k r —> k r is the action transpose to <l. Hence, as before, formula 
(2.4) for the antipode of H implies that S{C) = C. Similarly, formula (2.2) 
for the multiplication implies that k[C] = H. Since H is not commutative, 




s 




s 
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then H must be a quotient of 0_i[SL2 (&;)]. This finishes the proof of the 
lemma. □ 

Let us recall from [31] some properties of the nontrivial Hopf algebras 
Aau and B^n constructed there. 

Consider the presentation of the dihedral group D n by generators s + and 
s_ satisfying the relations 

4 = ( S+S _r = i. 

Both H = A^n and H = B^ n are extensions k — > k 1 ' 2 — > H — > /cD„ — > fc 
associated to the matched pair (fc Z2 , kD n ), where the action of Z2 on D n is 
given by 

(5.8) a> s± = s T . 

We shall use the notation -4[D n ] := Aau and B[D n ] := B^ n . Then -4[-D„] 
and B[D n \ are nonequivalent representatives of classes in Opext(fc^ 2 , kD n ) 
associated to the action (5.8). Moreover, every extension arising from this 
matched pair is isomorphic to one of -4[-D„] or B[D n ]. 

Suppose that T is one of the groups T ~ A4, O ~ S4, or I ~ A5. 

In the first two cases we have Aut T ~ S 4 , while Aut A5 ~ §5. In all cases, 
the automorphims 6 of order 2 of T are induced by the adjoint action of a 
transposition (. .), or a product of two disjoint transpositions (. .)(. .), viewed 
as elements in the corresponding symmetric group. 

Consider the case where T = A4. In this case, k Tp T has exactly 3 irre- 
ducible representations of degree 2, and only one of them is self-dual: this 
can be seen from the fact that A4 is a representation group of A4. See [47, 
Table A. 12] for the character table of A4, where the self-dual representation 
is the one with character X3- 

Then, in this case, p corresponds to X3 an d it is necessarily stable under 
all automorphisms 6 of A4. 

Similarly, when T = §4, every automorphism is inner, and therefore sta- 
bilizes all projective representations. 

By Lemma 5.17, in the cases r = A4 or §4, we have two nonisomorphic 
associated Hopf algebras with a faithful self-dual comodule of dimension 2. 
We shall denote the Hopf algebra H associated to 9 by ^4[r] or B[T], if 
corresponds to a transposition or to a product of two disjoint transpositions, 
respectively. 

Now assume that T = A5. It follows from inspection of the character 
table of A5 [47, Table A. 19] that k Tp As has 2 nonequivalent irreducible rep- 
resentations of degree 2, one of degree 4 and one of degree 6. Moreover, we 
have 
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Lemma 5.18. The nonequivalent projective representations of degree 2 are 
conjugated by an outer automorphism of A5 induced by a transposition in 

s 5 . 

Proof. Consider the presentation of A5 by generators a and b and relations 
a 5 = 6 3 = (ab) 2 = — 1. There are in A5 nine classes under conjugation 
represented, respectively, by 1, —1, a, a 2 , a 3 , a 4 , b, b 2 and ab. According 
to [47, Table A. 19], A5 has two nonequivalent irreducible representations of 
degree 2, whose characters \ an d x' are determined, respectively, by the 
following table: 





1 


-1 


a 


a 2 


a 3 


a 4 


6 


b 2 


ab 


X 


2 


-2 




-<p~ 






1 


-1 





x' 


2 


-2 










1 


-1 






where = 

Let jO, p' : A 5 — > SL 2 (/c) be the irreducible representations with characters 
X, x' ■ Consider the surjective group homomorphism ir : A5 — > A5 with 
kernel {±1}, such that 7r(o) = (12345) andj/r(6) = (153). 

Letting s denote the element 7r(s), s 6 A5, the classes of A5 under con- 
jugation are represented by 1 = 1, a = (12345), a 3 , b and ab. We have also 
that the class of a 3 coincides with the class of (21345). 

After composing with a suitable section A5 — > A5 of it, p and p' define 
irreducible projective representations p and ~f? of A5, respectively. The pro- 
jective characters are determined by the following table: 





1 


(12345) 


(21345) 


(153) 


(12)(34) 


X 


2 






1 





x! 


2 






1 






In particular, 7j and 7/ are not equivalent. Furthermore, if 9 is the automor- 
phism determined by the adjoint action of the transposition (12), then we 
see from the table above, that x' = X° 6- This implies the statement on the 
projective representations in view of [23, Theorem 7.1.11]. □ 

In view of the above lemma and Lemma 5.17, when the automorphism 
corresponds to a transposition in §5, the bicrossed product associated to 9 
has no irreducible self-dual comodule of dimension 2. When 9 corresponds 
to a product of two disjoint transpositions, the automorphism is inner and 
we have an associated Hopf algebra that we shall denote H[As], as before. 

Theorem 5.19. Let H be a nontrivial Hopf algebra quotient o/0_i[SL2(/c)]. 
Then H is isomorphic to exactly one of the Hopf algebras B[I], A[T] or B[T], 
where I ~ As, and V is one of the groups D n , n > 2, T ~ A4, O ~ §4. 

Proof. By Proposition 5.7 and Theorem 5.19, since H is nontrivial, then H 
is an extension (5.4). Hence H corresponds to the class of some pair (<j, r) 
in Opext(/c r , k^)- By Lemma 5.15, we know that r p represents the class 
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pouj. Moreover, by [34, Lemma 1.2.5], [27, Theorem 4.4], we may assume 
that £7 = 1. Moreover, by Remark 5.9, two quotients are isomorphic if and 
only if the exact sequences are isomorphic. 

Consider the case where T is one of the groups T, O or /. In view of 
Lemma 5.17 and the previous discussion, it remains to determine which 
possible automorphisms 9,8', give isomorphic Hopf algebras H, H' . Since 
a Hopf algebra isomorphism H — > H' is an isomorphism of extensions, this 
is the case if and only if the associated matched pairs are isomorphic, which 
amounts to the automorphisms 9 and 9' being conjugated in Aut(T). 

The case where V = D n , n > 2, will be treated separately in Lemma 5.20. 
This will imply, as a byproduct, a comparison with the nontrivial examples 
studied by Masuoka in [31]. □ 

The following facts about fusion rules for the irreducible characters of 
k Dn , n > 2, will be used in the proof of our next lemma. 

If n is odd, k Dn has two irreducible characters 1, a, of degree 1, and 
r = (n — l)/2 irreducible characters of degree 2, xi, • • • , Xr, such that 



(5.9) axi = Xi, XiXj 



Xi+j+X\i-j\, i+j<r, 
Xn-(i+j) + X\i-j\, i+j>r, 



where xo = 1 + «• 

On the other hand, if n is even, kP n has four irreducible characters 1, a, 
b, c = ab, of degree 1, and r = n/2 — 1 irreducible characters of degree 2, 
Xi, . . . ,Xr, such that 
(5.10) 

Xi+j+X\i-j\, i+3 < n/2, 



aXi = Xi, bxi = Xn/2-i, XiXj 
where xo = 1 + a, x n /2 = b + c. 



Xn-{i+j) + X\i-j\, i + j> n/2, 



Lemma 5.20. Let H be a nontrivial Hopf algebra quotient o/0_i[SL2 (/<;)] 
such that H fits into an exact sequence (5.4), with T = D n , n > 2. Then H 
is isomorphic to one of the Hopf algebras A[D n ] or B[D n ]. 

By [31, Proposition 3.13] the Hopf algebras »4[-D n ] and B[D n ) are not 
isomorphic, if n > 3. 

Note that the fusion rules for »4[D n ] or Z3[Z) n ] are the same as those for 
k D2n , as given by (5.10) [31, Proposition 3.9]. Then A[D n ], B[D n ] do satisfy 
the assumptions in the lemma. 

Proof. In view of previous classification results, we shall assume in the proof 
that n/2. That is, we shall not consider the case dimi? = 8, where the 
result is well-known. 

Formula (2.3) for the comultiplication in H implies that H = (kT)* © 
(k T T)*, where k T T is the twisted group algebra, and 1 ^ p € Z2. In 
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particular, every irreducible .ff-comodule has dimension 1 or 2. See [23, 
Theorem 3.7.3]. 

Let x S C be the irreducible character of C. Then, decomposing XX* = 
X 2 into a sum of irreducible characters, we get |G[x]| = 2. Indeed, the 
assumption that k[C] = H together with dimH > 8, imply that \G[x]\ / 4. 

Let G[x\ = where a 2 = 1. Then x 2 = 1 + a + A, where A is an 

irreducible character of degree 2, such that a £ G[X\. Thus k[X] = i? CO ad — 
k Dn . In particular, feG[x] is normal in -ff coa d- We claim that fcG[x] is a 
central Hopf subalgebra of H. 

Since aX = A = Aa, and the simple subcoalgebra containing A generates 
H coa ,d, then the quotient Hopf algebra -ffcoad/-f^coad(^C[x]) + is cocommuta- 
tive, by [36, Remark 3.2.7 and Corollary 3.3.2]. 

This implies that a/x = n = /Lta, for all irreducible character \x G -ff C oad of 
degree 2. By assumption, dimH > 8. and taking into account the fusion 
rules for the irreducible characters in k Dn in (5.9) and (5.10), we may assume 
that a 6 k Dn is the only nontrivial group-like element with this property. 

Indeed, otherwise, we would have n even and bxi = Xi> implying that 
n = 4. Then dim// = 16 and |G(iJ)| = 4, thus the lemma follows in this 
case from [21]. 

Hence a must be stable under the action of Z2 coming from the sequence 
(5.4), because this is an action by Hopf algebra automorphisms. Hence 
kG[x] is a normal (therefore central) Hopf subalgebra of H, as claimed. 

Moreover, since aC = C = Ca, and C generates H, then as before 
H/H(kG[x}) + is cocommutative. Therefore we get an exact sequence 

(5.11) k -> k Z2 -> H -> kF -> k, 

where F is a group of order 2n. 

We shall show next that F ~ D n and the action Z2 x F — > F associated to 
the exact sequence (5.11) coincides with (5.8). This will imply the lemma, 
in view of [31, Proposition 3.11]. 

Denote by -it : H — > kF the projection in (5.11). We may decompose 
^(x) = x + y, where x,y £ F. Moreover, since x is a faithful character, then 
x and y generate F. 

Since X* = Xi tli en either x 2 = y 2 = 1 or x = y~ 1 . If the last possibility 
holds, then F = (x, y) would be cyclic, thus implying that H is commutative, 
against the assumption. Therefore x 2 = y 2 = 1 in F. 

On the other hand, we have x 2 = 1+a+A, and 7r(x 2 ) = x 2 +y 2 +xy+yx = 
2.1 + xy + (xy) -1 . Hence 7r(A) = xy + (xy)~ l . But the components of 7r(A) 
generate a subgroup of index 2 of F whose group algebra is isomorphic 
to 7r(i/ coa d) = Tr{k Dn ). Hence {xy) ~ Z n . Thus we obtain the relation 
(xy) n = 1. Hence F ~ D n . 

As in the proof in [31, pp. 209], the simple subcoalgebra C is a left k(a)- 
submodule, and its image in kF is spanned by the group-likes x and y. Then 
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C is a crossed product C = k 2 #k{x,y}, and therefore the set {x,y} is an 
orbit under the action of Z2. Letting s+ = x, s- = y, we recover the action 
(5.8). This finishes the proof of the lemma. □ 

The following lemma gives the degrees of the irreducible representations 
of H. 

Lemma 5.21. Let p be the order of the subgroup T Z2 of fixed points of T 
under the action 0/Z2. Then H has 2p irreducible representations of degree 
1 and the remaining ones are of degree 2. In particular, \G(H*)\ > 4. 

Proof. As an algebra, H is a smash product /c r #fcZ2. Then the irreducible 
representations of H are of the form W s := Indjj^^ s ® U s , where s runs 
over a set of representatives of the orbits of g in T, C s C Z2 is the stabilizer 
of s, and U s is an irreducible representation of C s [32]. 

In particular, we have dimVl^ = [Z2 : C s ]. Hence dimVl^ = 1 if and 
only if s £ T^ 2 . Note in addition that such an automorphism g must have a 
nontrivial fixed point (otherwise, T would be abelian of odd order); whence 
the claimed inequality for \G(H*)\. □ 

Remark 5.22. Let H = A[T] or B[T], be one of the nontrivial Hopf algebras 
corresponding to T. 

Let p > 2 be the order of the subgroup of invariants in T under the 
action of Z2, and let q = (dimH — 2p)/4. Then, as an algebra, H is of 
type (1, 2p; 2, q). See Lemma 5.21. Explicitly, we have the following algebra 
types, for each possible isomorphism class: 

^[5 n ]:(l,4;2,n-l), B[D n ] : (1, 4; 2, n - 1), (n > 2) 

A[f] : (1,4; 2, 5), B[T ] : (1, 8; 2, 4), 

^[O] : (1,8; 2, 10), B[d] : (1, 16; 2, 8), 

6[7] : (1,8; 2, 28). 

On the other hand, by Lemma 5.15, i/ ~ fc r as coalgebras. Hence the 
coalgebra types are the following: 

A[D n ],B[D n ], n>2: (l,4;2,n-l), 

A[T],B[f] : (1,3; 2, 3; 3,1), 

A[d],B[0] : (1,2; 2, 3; 3, 2; 4,1), 

B[7] : (1,1; 2, 2; 3, 2; 4, 2; 5,1; 6,1). 

See for instance [47, A. 5]. 

Remark 5.23. Let i7 be one of the Hopf algebra A[T] or B[T]. Then the 
fusion rules of H are the same as the ones of V. 

Proof. The result is known if T = D n , see [31]. Assume now that T = T, O 
or /. It is enough, to describe the fusion rules of H, to describe the product 
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of irreducible characters in H. These are, using the previous notation, of 
the form x#l, x'#P> where x 1S an ordinary irreducible character of T and 
x' is an irreducible projective character of T. In view of the product formula 
2.2, we need to describe the action of on (projective) characters. If is 
inner (for B[T], A[0], B[0], B[I\) this action is trivial and hence the fusion 
rules are unchanged. 

If H = A[T], the automorphism permutes the characters X2 — X3 an d 
X4 — X5 hi Table A. 12 of [47]. However the computation of the fusion rules 
of T show that after these permutations, the fusion rules of A[T] remain the 
same. □ 

Proof of Theorem 1.2. Let H be a semisimple Hopf algebra containing a 
simple subcoalgebra C of dimension 4 such that S(C) = C. Let k[C] C H 
be the Hopf subalgebra generated by C. 

By Proposition 4.1 and Corollary 5.1, there is a surjective Hopf algebra 
map W ->■ k[C], where H = 0[SL 2 (k)], if v(V) = -1, and H = 0_i[SL 2 (fc)]> 
if v{V) = 1. Then the proof of the theorem follows from Theorem 5.19. □ 

6. Applications 

In this section we shall give some applications of the main results in 
previous sections to the classification of semisimple Hopf algebras. 

6.1. Semisimple Hopf algebras with character degrees at most 2. 

Recall that if C is a simple subcoalgebra of a semisimple Hopf algebra, and 
X € C is the irreducible character contained in C, then G[x] is the subgroup 
of the group- like elements g such that gx = X> or equivalently, such that 
g appears with positive multiplicity (necessarily equal to 1) in the product 
XX*- We shall also denote B[ X ] = k[CS{C)}. 

We give for completeness the proof of the following lemma that will be 
used later on. See [36, Lemma 2.4.1]. 

Lemma 6.1. Let H be a semisimple Hopf algebra and let x,x' £ H be 
irreducible characters. Then the following are equivalent: 

(i) The product x*x' ^ s irreducible. 

(ii) For all irreducible character A / 1, m(X,xx*) = or m(A, x'(x')*) = 
0. 

Here m(\,xx*)> m(\, x'(x')*)> denote the multiplicity of A in XX* an d in 
x'ix'T, respectively. 

Proof. Let £ = x*x' ■ Then ( is irreducible if and only if m(l, CC*) = 1- O n 
the other hand, 

CC* = x*x'(x'Tx = x*x + Y^ m (^> x'(x')*)xVx- 

Therefore, m(l, CC*) = 1 if and only if for all fi ^ 1, with m(/x, x'(x')*) > 0j 
we have m(l,x*A t x) = or equivalently, m(/x, XX*) = 0- ^ 
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Let if be a semisimple Hopf algebra such that deg x < 2, for all irreducible 
character % G i?. Let B C H denote the adjoint Hopf subalgebra B := 
H coa d. Hence B = k[B[x] ■ degx = 2] is generated as an algebra by the 
Hopf subalgebras B[\\- 

By Theorem 1.1 B[x] is commutative and, in view of the coalgebra struc- 
ture of H, isomorphic to k 1,2 ^ 2 or k Dn , n > 3, for all irreducible character 
X of degree 2. In addition, G[x] / 1, for all such x- 

Lemma 6.2. Suppose x is an irreducible character of H of degree 2, such 
that \G[ X }\ = 2. Then G[ X ] C fldeg x '=2 B [x'l ^ Z ( B )- 

Proof. Since f]degx'=2 B[x'\ Q B[x'], for all x' of degree 2, then it is a central 
Hopf subalgebra of B, because the -B[x']' s are commutative and generate B 
as an algebra. Thus it will be enough to show that G[x] Q fldcgx'=2 B W\- 

Let x' ^ H be any irreducible character of degree 2. Then the product 
X*x' cannot be irreducible, because H has no irreducible character of degree 
4. In view of Lemma 6.1, there is an irreducible character A ^ 1 that appears 
with positive multiplicity both in XX* an d in x'(x')*- This means, in partic- 
ular, that the Hopf subalgebra k[\], generated by the simple subcoalgebra 
containing A, is contained in B[x] H -B[x']- 

If deg(A) = 1, then 1 / A £ G[ X ] n G[ X '}. Since G[ X ] is of order 2 by 
assumption, this implies that G[x] Q G[x'] Q B[x'\. 

If deg(A) > 1, then A is irreducible of degree 2. In this case we have 
decompositions XX* = l + <? + ^ and x'(x')* = l + 5' + ^> where G[x] = {1,5} 
nnd(;\' {}.,,'}. 

Since gx = X-, t nen also ^A = A, that is, G[x] Q G[X\. Therefore G[x] Q 
G[X] C fc[A] C B[x'}. □ 

Corollary 6.3. Let H be a semisimple Hopf algebra such that degx < 2, 
for all irreducible character x € H. Let B = if C oad be the adjoint Hopf 
subalgebra. Then one of the following conditions holds: 

(i) B has a central Hopf subalgebra isomorphic to AT, where 

r ~ z 2 x • • • x z 2 , 

m times 

such that B/B(kT) + is cocommutative, where 1 < m < n, and n is 
the number of irreducible characters x °f H such that \G[x}\ = 2, or 

(ii) B is cocommutative. 

Further, if (ii) holds and H is not cocommutative, then 4 divides dim B and 
G(B) is generated by elements of order 2. 

Proof. We may assume H is not cocommutative. If H has an irreducible 
character x of degree 2 such that |G[x]| = 2, then, by Lemma 6.2, G[x] C 
Z(B). Let r be the subgroup generated by the groups G[x] such that 
|G[x]| = 2. Thus the group algebra of T is a Hopf subalgebra contained 
in the center of B. 
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Further, it follows also from Lemma 6.2 that T n B[x] = T n G[x] / 1, 
for all irreducible character x with |G[x]| = 4. Then, [36, Remark 3.2.7 and 
Corollary 3.3.2], the quotient Hopf algebra B/B(kT) + is cocommutative, 
and (i) holds in this case. 

Otherwise, |G[x]| = 4, for all irreducible character x °f degree 2. Since 
kG[x] C £?, for all \, then 4 divides dim £>. On the other hand, by dimension, 
XX* = zC g eG[x] 9 e kG(H), for all irreducible character x of degree 2. Then 
.B C kG(H) is cocommutative. 

Moreover, by Theorem 1.1, we have in this case G[x] - Z2 x Z2, for all 
irreducible x of degree 2. Then (ii) holds, since these subgroups generate 
G(B). □ 

Theorem 6.4. Let H be a nontrivial semisimple Hopf algebra such that 
degx < 2, for all irreducible character \ G H. Then H is not simple. More 
precisely, let T ~ Z2 x • • • x Z2 be the subgroup of G(H) in Corollary 6.3 (i). 
Then one of the following possibilities holds: 

(i) There is a central abelian exact sequence k — > kT — > H — > fci 7 — > A;, 
where F is a finite group, or 

(ii) There is a cocentral exact sequence k — > — > ii — ► &£/ (C) — > A;, 
where B = ii C oad £ i? > gto^ f (C) is i/ie universal grading group of 
C = H — comod. 

Moreover, in case (ii), either B is commutative or it contains a central Hopf 
subalgebra isomorphic to kT. 

In particular, either H or H* contains a nontrivial central group-like 
element. 

Proof. Suppose first that if C oad = B C H. Then (ii) holds in view of the 
properties of the adjoint Hopf subalgebra B. See Subsection 2.3. 

If, on the other hand, B = H, then by Corollary 6.3 we have (i). □ 

Let H be a semisimple Hopf algebra. Recall from [32] that H is called 
lower semisolvable if there exists a chain of Hopf subalgebras H n+ i = k C 
H n C ■ ■ ■ C Hi = H such that iij+i is a normal Hopf subalgebra of Hi, for all 
i, and all factors Hi := ifj+i/ 1 Hi + iHf are commutative or cocommutative. 

Dually, H is called upper semisolvable if there exists a chain of quotient 
Hopf algebras iS7 ) = H — > ZZV-n if( n ) = fc such that each of the 

maps — ► is normal, and all factors Hi := are commutative 

or cocommutative. 

We have that if is upper semisolvable if and only if H* is lower semisolv- 
able [32]. 

Remark 6.5. Suppose that H fits into an exact sequence k — > K — > ii — > 
H ^ k. If if is lower semisolvable and ii is commutative or cocommutative, 
then ii is lower semisolvable. On the other hand, if K is commutative or 
cocommutative and H is upper semisolvable, then H is upper semisolvable. 
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Corollary 6.6. Let H be a semisimple Hopf algebra such that degx < 2, 
for all irreducible character % € H . Then H is lower semisolvable. 

Proof. We may assume H is not trivial. Then one of the possibilities (i) 
or (ii) in Theorem 6.4 holds. If (i) holds, then H is both upper and lower 
semisolvable. 

Suppose that (ii) holds. Since in this case B is a proper Hopf subalgebra, 
so in particular its irreducible comodules have degree at most 2, we may as- 
sume inductively that B is lower semisolvable. Then H is lower semisolvable 
as well. The corollary is thus proven. □ 

Remark 6.7. It follows from Corollary 6.6 and [32] that a semisimple Hopf 
algebra H with character degrees of irreducible comodules at most 2 have 
the Frobenius property: that is, the dimensions of the irreducible iJ-modules 
divide the dimension of H. 

As a consequence of the above results, we have the following proposition. 
This is proved by Izumi and Kosaki in the context of Kac algebras [19, 
Corollary IX.9], and under an additional restriction in [36, Theorem 4.6.5]. 

Proposition 6.8. Suppose H is of type (1,2; 2, n) as a coalgebra. Then H 
is commutative. 

Proof. If H 7^ -f/coad, then H fits into an exact sequence 



where B = H coa d- We may assume inductively that B is commutative, thus 
the extension (6.1) is abelian. Hence (6.1) induces an action of U(C) on B 
by Hopf algebra automorphisms. Moreover, since G(B) = G(H) is of order 
2, then U(C) acts trivially on G(B). Then g £ Z(H), because H is a crossed 
product with respect to this action. 

If H = -f/coad) then by Theorem 6.4, we have a central abelian exact 
sequence k — > kG{H) — > H — > kF — > k, where F is a finite group. In any 
case we get that G{H) C Z(H). Then the proposition follows from [36, 



6.2. Coalgebra type of a simple Hopf algebra of dimension 60. There 
are three known examples of nontrivial semisimple Hopf algebras which are 
simple as Hopf algebras in dimension 60. Two of them are given by the 
Hopf algebras Aq and A\ — Aq constructed by Nikshych [40]. We have 
Aq = (kAz,) J , where J G kA§ kA§ is an invertible twist lifted from a 
subgroup isomorphic to 7L<i ® Z2. 

A third example is given by the self-dual Hopf algebra B constructed in 
[17]. In this case B = (kD^ (g> kD^) J , where J is an invertible twist lifted 
from a subgroup isomorphic to Z2 x Z2. 

In this subsection we show that A± and B are the only nontrivial simple 
Hopf algebras of dimension 60 with their respective coalgebra type. See 
Proposition 6.10 and Corollary 6.12. 



(6.1) 



k^B -> H -> kU{C) -► k, 



Corollary 4.6.8]. 



□ 
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Remark 6.9. The coalgebra types of these examples are the following: 
(6.2) A! : (1,1; 3, 2; 4,1; 5,1), A : (1,12; 4, 3), B : (1, 4; 2, 6; 4, 2), 
and we have G(A ) ~ A 4 , G{B) ~ Z 2 x Z 2 . 

Proof. The coalgebra type of .Ai is that of fc A|5 . That of B was computed in 
[17, 4.2]. The proof of the statement for Ao = A* is given during the proof 
of Lemma 6.8 in [4], using the classification of irreducible representations in 
twisting of group algebras [13]. □ 

In what follows H will be a semisimple Hopf algebra of dimension 60. 

Proposition 6.10. Suppose \G(H)\ = 1. Then H ~ k A -> or H ~ A\. 

Proof. By [36] every semisimple Hopf algebra of dimension < 60 has a non- 
trivial group-like element. Therefore, if \G(H)\ = 1, then H can contain 
no proper Hopf subalgebra. The proposition follows from [15, Corollary 
9.14]. " □ 

Suppose G{H) 7^ 1 and H has an irreducible character x °f degree 2. 
Let C C H be the simple subcoalgebra containing Xi and consider the Hopf 
subalgebra B =: B[ X ] = k[CS(C)] C F coad . 

Then we have B ~ /c A4 , /c z 2 xZ 2 or A: D ", n = 2, 3 or 5. 

Lemma 6.11. Suppose H is simple and \G(H)\ = 4. Assume in addition 
that H has irreducible characters x and \' of degree 2, such that G[x] / 
G[x']. Then H is isomorphic to the self-dual Hopf algebra B = {kD^^D^) J . 

Proof. Since G[x],G[x'] / 1, then G[x] and G[x'] are distinct subgroups of 
order 2. Then B[x] and B[x'] are distinct Hopf subalgebras of H isomorphic 
to k Ds or k D ". 

Let K[ X ] = k[G(H),B[ X ]] and K[ X '] = k[G(H), B[ X % Then K[ X ], 
K[x'] are Hopf subalgebras of H, whose irreducible comodules are of di- 
mension 1 and 2. Hence dimi^[x], dimi^[x'] equal 12 or 20. Moreover, 
by dimension, K[x] and K[x'] generate H as an algebra. In addition, 
G(K[ X ]) = G{K\x!]) = G(H) is not cyclic. 

If one of them, say i^[x]> is commutative, then G[x'] which is central in 
if[x'], would be central in H, whence H would not be simple. We may 
assume then that K[x] and if[x'] are not commutative. Then there exists a 
twist J £ kG(H) <8) kG(H) such that -ftT[x] J and K[x'] J are group algebras 
[36, 5.2]. In particular, since ^[x]" 7 and i^[x'] J generate H J as an algebra 
(because the algebra structure is unchanged under twisting), we find that 
H J is cocommutative. The lemma follows from [17, Theorem 4.10]. □ 

Corollary 6.12. Suppose H is of type (1, 4; 2, 6; 4, 2) as a coalgebra. If H is 
simple, then H is isomorphic to the self-dual Hopf algebra B = {kD^kD^,) J . 

Proof. Since the simple Hopf algebra B is of type (1, 4; 2, 6; 4, 2) as a coal- 
gebra, in view of Lemma 6.11, it is enough to show that H has irreducible 
characters x an d x' of degree 2, such that G[x] / G[x'\- 
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In view of the coalgebra structure, there must exist irreducible characters 
X and x' of degree 2, such that xx' is irreducible of degree 4. Otherwise, 
the sum of simple subcoalgebras of dimensions 1 and 2 would be a Hopf 
subalgebra of H of dimension 28, which is impossible. By [36, Theorem 
2.4.2], we have G[x] H G[x'] = 1, thus G[x], G[x'] are distinct subgroups of 
order 2. □ 

7. Appendix: The group Opext(k N , kZ 2 ) 

Suppose that F = Z 2 is the cyclic group of order 2, and let N be a finite 
group. A matched pair (Z 2 ,N) necessarily has trivial action [>, whence the 
action <: N X Z2 — > iV is by group automorphisms. 

Let G = iV x Z2 be the corresponding semidirect product. Note that the 
restriction map H 2 (N x Z 2 ,k x ) — > H 2 (Z 2 , k x ) = 1 is necessarily trivial. 
By [49], there is an exact sequence 

1 ff^Za, JV) # 2 (G, fc x ) # 2 (iV, A; x ) Za % H 2 (Z 2 , N) -► H 3 (G, A; x ). 

Lemma 7.1. Lei (Z2, iV) 6e a matched pair as above. Assume in addition 
that H 2 (N,k x ) ~ Z2. Then we have a group isomorphism 

Opext(k N ,kZ 2 )/K ~ 1, orZ 2 , 

w/iere X ~ d 2 {H 2 {N,k x )) C H 2 (Z 2 ,N). 

The extensions corresponding to elements of K are, as Hopf algebras, 
twisting deformations of the split extension k N jfkZ 2 . 

Proof. To prove the lemma, we shall apply the results of [27], identifying 
Opext(k N , kZ 2 ) with the group, denoted H 2 (kZ 2 , k N ) in loc. cit, of classes 
of compatible cocycles (a, r). Recall that there are subgroups H 2 (kZ 2 , k N ), 
H^(kZ 2 ,k N ) of Opext(/c Ar ,fcZ 2 ), which are identified with the subgroup of 
classes of compatible pairs (l,r) and (a, 1), respectively [27, Section 3]. 

In view of the assumption H 2 (N,k x ) ~ Z 2 , we have H 2 (N,k x ) Z2 = 
H 2 (N,k x ), and H 1 ^, H 2 (N,k x )) ~ Z 2 . 

Since A; is algebraically closed, we have Opext(/c Ar , fcZ2) = H 2 (kZ 2 , k N ), 
by [27, Theorem 4.4]. Then, by [27, Remark pp. 418], 

H 2 m {kZ 2 , k N ) = H 2 m {kZ 2 , k N ) n H 2 (kZ 2 , k N ) = d 2 {H 2 {N, k x )), 

where d 2 : H 2 (N,k x ) — > H 2 (Z 2 , N), is the connecting homomorphism in 
[49]. 

Let it" = H 2 n (kZ 2 ,k N ). By [27, Theorem 7.1], we get an exact sequence 

(7.1) # 2 (iV, k x )@K Opext(fe Ar , A;Z 2 ) Z 2 . 
With the identification $ = d 2 as in [27], we see that 

($ © l){H 2 {N, k x ) @ K) = K Q Opext(fc JV , fcZ 2 ). 
Thus, (7.1) induces an exact sequence 

(7.2) 1 -> K -> Opext(/c iV , kZ 2 ) A Z 2 , 
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whence Opext(A: iV , ¥L 2 )jK ~ vr(Opext(fc Ar , kZ 2 )) < Z 2 . 

According to [27, Remark pp. 418], the exact sequence (7.2) considered 
in the proof of Lemma 7.1 restricts, in this case, to the Kac exact sequence 
associated to the matched pair {'L 2 ,N) [20], [29, Theorem 7.4]. In view 
of [30], all Hopf algebra extensions H arising from elements of K are, as 
Hopf algebras, twisting deformations (of the comultiplication) of the split 
extension. This finishes the proof of the lemma. □ 

Remark 7.2. Keep the assumptions in Lemma 7.1. Since H 2 (N,k x ) = Z 2 , 
then either K = 1 or K ~ Z 2 . The possibility K = 1 is equivalent to d 2 = 1, 
while K ~ Z2 amounts to ^2 being injective. 

Consider the restriction map res : i7 2 (iV x Z 2 ,£: x ) — > H 2 (N,k x ). It 
follows from exactness of the sequence in [49], that X = 1 if and only res is 
surjective, and K ~ Z2 if and only if res is trivial. 

In particular, if H 2 (Z 2 ,N) = 1 (for instance, if \N\ is odd), we have 
Opext(fc w , fcZ 2 ) ~ ^(Opext(A; 7V , fcZ 2 )) < Z 2 . 

Remark 7.3. Consider the matched pair (r, Z2) as in Section 5, where T is 
a nonabelian polyhedral group. The existence of the extensions A[T], B[T], 
shows that the map ir : Opext(/c r ,fcZ 2 ) -► Z 2 is in this case surjective. 
Therefore, we have an isomorphism Opext(fc r , kZ 2 )/K ~ Z 2 . 
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